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SHADOW BIQUANDLES AND LOCAL BIQUANDLES
KANAKO OSHIRO
Abstract. Given a shadow biquandle (B,X) composed of a biquandle B and
a strongly connected B-set X, we have a local biquandle structure on X. The
(co)homology groups of such shadow biquandles are isomorphic to those of the
corresponding local biquandles. Moreover, cocycle invariants, of oriented links
and oriented surface-links, using such shadow biquandles coincide with those
using the corresponding local biquandles. These results imply that for some
cases, the Niebrzydowski’s theory in [14, 15, 16] for knot-theoretic ternary
quasigroups is the same as shadow biquandle theory. We also show that some
local biquandle 2- or 3-cocycles and some 1- or 2-cocycles of the Niebrzy-
dowski’s (co)homology theory can be induced from Mochizuki’s cocycles.
1. Introduction
In knot theory and related topics, quandles [7, 11] are important algebraic sys-
tems, each of which equips a binary operation coming from Reidemeister moves of
oriented link diagrams with arc labelings. Biquandles [4, 9] are a generalization of
quandles and they are also important algebraic systems, each of which equips two
binary operations coming from Reidemeister moves of oriented link diagrams with
semi-arc labelings. As other (or further) important generalizations, shadow quandle
theory and shadow biquandle theory were introduced and well-studied, see [2, 5, 8]
for example. Both of them are related to region labelings for oriented link diagrams
in addition to arc or semi-arc labelings. In each of quandle theory, biquandle theory,
shadow quandle theory and shadow biquandle theory, a (co)homology theory and a
cocycle invariant of oriented links (or oriented surface-links, oriented virtual-links
and so on) using a cocycle of the (co)homology theory are defined and well-studied.
In [14, 15, 16], Niebrzydowski studied an algebraic system, called a knot-theoretic
ternary quasigroup, which equips a ternary operation coming from Reidemeister
moves of oriented link diagrams with region labelings. He defined a (co)homology
theory of the algebraic systems and a cocycle invariant of oriented links and oriented
surface-links using a cocycle of his (co)homology theory, see also [3, 10, 13]. Note
that the region labelings in this case are not related to arc or semi-arc labelings,
while the region labelings in the cases of shadow quandles or shadow biquandles
depend on the arc or semi-arc labelings.
In [17], local biquandle theory was introduced. A local biquandle is always given
associated with a knot-theoretic (horizontal- or vertical-)ternary-quasigroup. Al-
though a local biquandle is not a biquandle, it has a local algebraic structure that
is similar to the algebraic structure of biquandles, that is, it has a local algebraic
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structure related to semi-arc labelings. It was shown that the Niebrzydowski’s
(co)homology theory can be interpreted as local biquandle theory. On other words,
in some sense, the Niebrzydowski’s (co)homology theory can be interpreted simi-
larly as biquandle (co)homology theory since local biquandle (co)homology theory
is an analogy of biquandle (co)homology theory. Furthermore, through the interpre-
tation of the (co)homology theories, it was shown that the Niebrzydowski’s cocycle
invariants and the local biquandle cocycle invariants of oriented links and oriented
surface-links are the same. This implies that in some sense, the Niebrzydowski’s
cocycle invariants can be also interpreted similarly as the biquandle cocycle invari-
ants.
In this paper, we show that given a shadow biquandle (B,X, ∗, ∗, ∗) with a
strongly connected B-set X , we can define a knot-theoretic (horizontal-)ternary-
quasigroup (X, [ ]) (see Theorem 4.1), and then, we have a local biquandle (X, {⋆}, {⋆})
associated with (X, [ ]). The (co)homology groups of (B,X, ∗, ∗, ∗) are isomorphic
to those of the corresponding local biquandle (X, {⋆}, {⋆}) (see Theorem 4.4), and
the shadow biquandle cocycle invariant using (B,X, ∗, ∗, ∗) and a cocycle coincides
with the local biquandle cocycle invariant using the corresponding local biquandle
(X, {⋆}, {⋆}) and a corresponding cocycle (see Theorems 4.6 and 4.8). Consider-
ing the main results in this paper together with the results shown in [17], we can
say that for some cases, the Niebrzydowski’s theory in [14, 15, 16] is the same as
shadow biquandle theory (see Corollaries 5.1, 5.2 and 5.3). As a consequence, we
show that some local biquandle 2- or 3-cocycles and some 1- or 2-cocycles of the
Niebrzydowski’s (co)homology theory can be induced from Mochizuki’s cocycles in
[12] (see Examples 5.4).
The paper is organized as follows: In Section 2, we review the definitions of links,
surface-links, biquandles, horizontal-tribrackets and local biquandles. In Section 3,
we recall the definitions of shadow biquandle (co)homology groups, shadow biquan-
dle cocycle invariants, local biquandle (co)homology groups and local biquandle
cocycle invariants. The main results (Theorems 4.1, 4.4, 4.6 and 4.8) in this paper
are stated and proven in Section 4. In Section 5, we give a relationship between
the results in this paper and the Niebrzydowski’s theory given in [14, 15, 16], and
we show some local biquandle cocycles and some cocycles of the Niebrzydowski’s
(co)homology theory that are induced from Mochizuki’s cocycles.
2. Preliminaries
2.1. Links, surface-links, connected diagrams. A knot is an oriented 1-dimensional
sphere embedded in R3. A link is a disjoint union of knots. We note that every
knot is a link. Two links are said to be equivalent if they can be deformed into
each other through an isotopy of R3. A diagram of a link is its image by a regular
projection, from R3 to R2, equipped with the height information for each double
point. It is known that two link diagrams represent the same link if and only if they
are related by a finite sequence of Reidemeister moves. A knot diagram is always
connected. A link diagram with at least two components is said to be connected
if every component intersects another component. It is known that between two
connected diagrams D and D′ that represent the same link, there exists a finite
sequence of connected diagrams and oriented Reidemeister moves that transforms
D to D′, i.e., there exists
D = D0
R0−→ D1
R1−→ · · ·
Ri−1
−→ Di
Ri−→ · · ·
Rn−1
−→ Dn = D
′,
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where for each i ∈ {0, 1, . . . , n}, Ri is an oriented Reidemeister move, and Di is a
connected diagram of a link. For a diagram D, we remove a small neighborhood
of each crossing, and then, we call each connected component a semi-arc of D.
In this paper, for a link diagram D, SA(D) means the set of semi-arcs of D and
R(D) means the set of connected regions of R2 \ D. For a semi-arc s of a link
diagram D, we assign a normal vector ns to s to satisfy that the pair (o, ns) of the
orientation o of D and ns coincides with the right-handed orientation of R
2, and
thus, we represent the orientation of D.
A surface-knot is an oriented closed surface locally flatly embedded in R4. A
surface-link is a disjoint union of surface-knots. We note that every surface-knot is
a surface-link. Two surface-links are said to be equivalent if they can be deformed
into each other through an isotopy of R4. A diagram of a surface-link is its image
by a regular projection, from R4 to R3, equipped with the height information for
each double point curve, where the height information is represented by removing
small neighborhoods of lower double point curves. Then a diagram is composed
of four kinds of local pictures depicted in Figure 1, and the indicated points are
called a regular point, a double point, a triple point and a branch point, respectively.
It is known that two surface-link diagrams represent the same surface-link if and
only if they are related by a finite sequence of Roseman moves, see [18] for de-
tails. A surface-knot diagram is always connected. A surface-link diagram with at
least two components is said to be connected if every component intersects another
component. It is known that between two connected diagrams D and D′ that rep-
resent the same surface-link, there exists a finite sequence of connected diagrams
and oriented Roseman moves that transforms D to D′. For a surface-link diagram
D, we remove small neighborhoods of double point curves, and then, we call each
connected component a semi-sheet of D. In this paper, for a surface-link diagram
D, SS(D) means the set of semi-sheets of D and R(D) means the set of connected
regions of R3\D. For a semi-sheet s of a surface-link diagramD, we assign a normal
vector ns to s to satisfy that the triple (o1, o2, ns) of the orientation (o1, o2) of D
and ns coincides with the right-handed orientation of R
3, and thus, we represent
the orientation of D.
Figure 1.
2.2. Biquandles, tribrackets, local biquandles.
Definition 2.1. ([4, 9]) A biquandle is a set B equipped with binary operations
∗, ∗ : B ×B → B satisfying the following axioms.
• For any a ∈ B, a ∗ a = a ∗ a.
• For any b ∈ B, the map ∗b : B → B sending a to a ∗ b is bijective.
For any b ∈ B, the map ∗b : B → B sending a to a ∗ b is bijective.
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The map S : B ×B → B ×B defined by S(a, b) = (b ∗ a, a ∗ b) is bijective.
• For any a, b, c ∈ B,
(a ∗ b) ∗ (c ∗ b) = (a ∗ c) ∗ (b ∗ c),
(a ∗ b) ∗ (c ∗ b) = (a ∗ c) ∗ (b ∗ c),
(a ∗ b) ∗ (c ∗ b) = (a ∗ c) ∗ (b ∗ c).
We denote it by (B, ∗, ∗) or by B for short unless it causes confusion. For a, b ∈ B,
we denote by a∗−1 b and a∗−1 b the elements (∗b)−1(a) and (∗b)−1(a), respectively.
A biquandle (B, ∗, ∗) with a ∗ b = a (∀a, b ∈ B) is called a quandle [7, 11], which is
also denoted by (B, ∗).
Definition 2.2. Let (B, ∗, ∗) be a biquandle.
(1) A B-set is a set X equipped with a map ∗ : X × B → X satisfying the
following axiom:
• For any a ∈ B, (∗a) : X → X sending x to x ∗ a is bijective.
• For any a, b ∈ B and x ∈ X , (x ∗ a) ∗ (b ∗ a) = (x ∗ b) ∗ (a ∗ b).
We denote it by (X, ∗) or by X for short unless it causes confusion. We
denote by x ∗−1 a the element (∗a)−1(x) for a ∈ B and x ∈ X .
(2) A B-set (X, ∗) is strongly connected if it satisfies the following axiom:
• For any x ∈ X , the map x∗ : B → X sending a to x ∗ a is bijective.
We denote by xցy the element (x∗)−1(y) for x, y ∈ B.
Definition 2.3. A shadow biquandle is a pair of a biquandle (B, ∗, ∗) and a B-set
(X, ∗). We denote it by (B,X, ∗, ∗, ∗) or by (B,X) for short unless it causes confu-
sion. In particular, when (B, ∗, ∗) is a quandle, the shadow biquandle (B,X, ∗, ∗, ∗)
is also called a shadow quandle and denoted by (B,X, ∗, ∗).
Lemma 2.4. Let (B,X, ∗, ∗, ∗) be a shadow biquandle. For any x ∈ X and a, b ∈ B,
we have
(1)
(
x ∗−1 (a ∗ b)
)
∗−1 b =
(
x ∗−1 (b ∗ a)
)
∗−1 a,
(2) (x ∗−1 a) ∗ (b ∗−1 a) = (x ∗ b) ∗−1
(
a ∗ (b ∗−1 a)
)
,
(3) (x ∗−1 b) ∗ (a ∗−1 b) = (x ∗ a) ∗−1
(
b ∗ (a ∗−1 b)
)
.
Proof. We leave the proof of this lemme to the reader, refer also to Figure 2. 
Lemma 2.5. Let (B,X, ∗, ∗, ∗) be a shadow biquandle such that X is strongly
connected. For x, y ∈ X and a, b ∈ B, we have
(1) x ∗ (xցy) = y,
(2) y ∗−1 (xցy) = x,
(3) (y ∗−1 a)ցy = a,
(4) xց(x ∗ a) = a.
Proof. This lemma follows from the above definitions, refer also to Figure 3. 
Lemma 2.6. Let (Q, ∗) be a latin quandle, that is, it satisfies that
• for any a ∈ Q, a∗ : Q→ Q is bijective.
Let X = Q and let ∗ : X × Q → Q be defined by ∗ = ∗. Then (X, ∗) is a strongly
connected Q-set.
Proof. This can be easily shown by direct observation. We leave the proof of this
lemma to the reader. 
SHADOW BIQUANDLES AND LOCAL BIQUANDLES 5
a
b
x
a*b—
b*a—
x* (a*b)—
-1
x* (b*a)—-1
(x* (b*a))* a—-1 -1
(x* (a*b))* b—-1 -1
=
a bx
b* a—-1 a*(b* a)—-1—
x* a-1 x*b
(x* a)*(b* a)-1 —-1
(x*b)* (a*(b* a))—
-1—
=
(1) (2)
ab
x
a* b—
-1
b*(a* b)—
-1—
x*ax* b-1
(x* b)*(a* b)-1 —
-1
(x*a)* (b*(a* b))— -1—
=
-1
-1
(3)
Figure 2.
(1)
x y=x*(xy)
xy (2)
x=y* (xy) y
xy
-1
(3)
y* a y-1
a=(y* a)y (4)
x*a
a=x(x*a)-1
x
Figure 3.
In this paper, for a positive integer n, Zn means the quotient ring Z/nZ, and
Zn[t
±1] means the Laurent polynomial ring with coefficients in Zn.
Example 2.7. For a positive integer n, let Rn = Zn. We define ∗ : R
2
n → Rn by
a ∗ b = 2b − a, and then, (Rn, ∗) is a quandle called the dihedral quandle of order
n. Let X = Zn. Then X is an Rn-set with ∗ : X ×Rn → X defined by ∗ = ∗.
In particular when n is an odd number other than 1, since Rn is latin, X is
strongly connected by Lemma 2.6. We then have xցy = 2−1(x+ y) for x, y ∈ X .
The next example is a generalization of Example 2.7.
Example 2.8. For a positive integer n and an ideal J of Zn[t
±1], let Q = Zn[t
±1]/J
be the quotient ring. We define ∗ : Q2 → Q by a ∗ b = ta + (1 − t)b, and then,
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(Q, ∗) is a quandle called an Alexander quandle. Let X = Q. Then X is a Q-set
with ∗ : X ×Q→ X defined by ∗ = ∗.
In particular when 1 − t is a unit in Zn[t
±1]/J , since Q is latin, X is strongly
connected by Lemma 2.6. We then have xցy = (1 − t)−1(−tx+ y) for x, y ∈ X .
Definition 2.9. (cf. [15, 17]) A knot-theoretic horizontal-ternary-quasigroup is a
pair of a set X and a ternary operation [ ] : X3 → X ; (x, y, z) 7→ [x, y, z] satisfying
the following property:
(H1)
(i) For any x, y, w ∈ X , there exists a unique z ∈ X such that [x, y, z] = w,
(ii) For any x, z, w ∈ X , there exists a unique y ∈ X such that [x, y, z] = w,
(iii) For any y, z, w ∈ X , there exists a unique x ∈ X such that [x, y, z] = w.
(H2) For any x, y, z, w ∈ X , it holds that
[y, [x, y, z], [x, y, w]] = [z, [x, y, z], [x, z, w]] = [w, [x, y, w], [x, z, w]].
We call the operation [ ] a horizontal-tribracket.
Definition 2.10. ([17]) Let (X, [ ]) be a knot-theoretic horizontal-ternary-quasigroup.
For each x ∈ X , we define two operations ⋆x, ⋆x : ({x} ×X)
2 → X2 by
(x, y) ⋆x (x, z) = (z, [x, y, z]), and
(x, y) ⋆x (x, z) = (z, [x, z, y]).
We call (X, {⋆x}x∈X , {⋆x}x∈X) the local biquandle associated with (X, [ ]). In this
paper, for simplicity, we often omit the subscript by x as ⋆ = ⋆x, ⋆ = ⋆x, {⋆} =
{⋆x}x∈X , and {⋆} = {⋆x}x∈X unless it causes confusion.
The next two examples are related to Examples 2.7 and 2.8, respectively, which
will be shown in Subsection 5.2.
Example 2.11. For a positive integer n, letX = Zn. We define a map [ ] : X
3 → X
by
[x, y, z] = x− y + z,
and then, [ ] is a horizontal-tribracket. We call it the dihedral horizontal-tribracket
of order n.
The local biquandle (X, {⋆}, {⋆}) associated with this (X, [ ]) has the operations
⋆, ⋆ : X2 → X defined by
(x, y) ⋆ (x, z) = (y, x− y + z), and
(x, y) ⋆ (x, z) = (z, x+ y − z).
Example 2.12. For a positive integer n and an ideal J of Zn[t
±1], let X =
Zn[t
±1]/J be the quotient ring. We define a map [ ] : X3 → X by
[x, y, z] = −tx+ ty + z,
and then, [ ] is a horizontal-tribracket. We call it an Alexander horizontal-tribracket.
The local biquandle (X, {⋆}, {⋆}) associated with this (X, [ ]) has the operations
⋆, ⋆ : X2 → X defined by
(x, y) ⋆ (x, z) = (z,−tx+ ty + z), and
(x, y) ⋆ (x, z) = (z,−tx+ y + tz).
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3. Local biquandle homology groups/cocycle invariants and shadow
biquandle homology groups/cocycle invariants
3.1. Shadow biquandle homology groups. Let (B,X, ∗, ∗, ∗) be a shadow bi-
quandle.
Let Csbn (B,X) be the free Z-module generated by the elements ofX×B
n if n ≥ 1,
and Csbn (B,X) = 0 otherwise. We define a homomorphism ∂
sb
n : C
sb
n (B,X) →
Csbn−1(B,X) by
∂sbn
(
(x, a1, . . . , an)
)
=
n∑
i=1
(−1)i
{(
x, a1, . . . , ai−1, ai+1, . . . , an
)
−
(
x ∗ ai, a1 ∗ ai, . . . , ai−1 ∗ ai, ai+1 ∗ ai, . . . , an ∗ ai
)}
if n > 0, and ∂sbn = 0 otherwise. Then C
sb
∗ (B,X) = {C
sb
n (B,X), ∂
sb
n }n∈Z is a chain
complex. Let Dsbn (B,X) be a submodule of C
sb
n (B,X) that is generated by the
elements of{(
x, a1, . . . , an
)
∈ X ×Bn
∣∣∣ ai = ai+1 for some i ∈ {1, . . . , n− 1}
}
.
ThenDsb∗ (B,X) = {D
sb
n (B,X), ∂
sb
n }n∈Z is a subchain complex of C
sb
∗ (B,X). There-
fore the chain complex
CSB∗ (B,X) = {C
SB
n (B,X) := C
sb
n (B,X)/D
sb
n (B,X), ∂
SB
n := ∂
sb
n }n∈Z
is induced. We call the homology group HSBn (B,X) of C
SB
∗ (B,X) the nth shadow
biquandle homology group of (B,X).
For an abelian group A, we define the chain and cochain complexes by
CSBn (B,X ;A) = C
SB
n (B,X)⊗A, ∂
SB
n ⊗ id and
CnSB(B,X ;A) = Hom(C
SB
n (B,X);A), δ
n
SB s.t. δ
n
SB(f) = f ◦ ∂
SB
n+1.
Let CSB∗ (B,X ;A) = {C
SB
n (B,X ;A), ∂
SB
n ⊗id}n∈Z and C
∗
SB(B,X ;A) = {C
n
SB(B,X ;A), δ
n
SB}n∈Z.
The nth homology group HSBn (B,X ;A) and nth cohomology group H
n
SB(B,X ;A) of
(B,X) with coefficient group A are defined by
HSBn (B,X ;A) = Hn(C
SB
∗ (B,X ;A)) and H
n
SB(B,X ;A) = H
n(C∗SB(B,X ;A)).
The nth cocycle group with coefficient group A is denoted by ZnSB(B,X ;A). Note
that we omit the coefficient group A if A = Z as usual.
3.2. Shadow biquandle colorings of link diagrams and cocycle invariants.
Let (B,X, ∗, ∗, ∗) be a shadow biquandle. Let D be a diagram of a link L.
Definition 3.1. A (biquandle) B-coloring of D is a map C : SA(D) → B satis-
fying the following condition:
• For a crossing composed of under-semi-arcs u1, u2 and over-semi-arcs o1, o2
as depicted in Figure 4,
– C(u2) = C(u1) ∗ C(o1), and
– C(o2) = C(o1) ∗ C(u1)
hold, see also Figure 5.
Definition 3.2. A (shadow biquandle) (B,X)-coloring of D is a map C : SA(D)∪
R(D)→ B ∪X satisfying the following condition:
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• The restriction C|SA(D) is a B-coloring of D.
• C(R(D)) ⊂ X .
• For a semi-arc s whose normal vector points from a region r1 to a region
r2 as depicted in Figure 4, C(r1) ∗ C(s) = C(r2) holds, see also Figure 5.
We denote by ColSB(B,X)(D) the set of (B,X)-colorings of D.
u
u
o
o
χ χ
r r
s
r
o
o
u
u
r
sign(χ)= + sign(χ)= –
Figure 4.
a
－*b a b a
b －*a b
x x *x ax
a－*b a
－
*b a
Figure 5.
Proposition 3.3. (cf. [8]) Let D and D′ be connected diagrams of links. If D and
D′ represent the same link, then there exists a bijection between ColSB(B,X)(D) and
ColSB(B,X)(D
′).
Next, we show how to obtain a cocycle invariant by using the (B,X)-colorings
of a diagram.
Let C be a (B,X)-coloring of D. We define the local chain wSB(D,C;χ) ∈
CSB2 (B,X) at each crossing χ by
wSB(D,C;χ) = sign(χ)
(
x, a, b
)
when C(r) = x, C(u1) = a and C(o1) = b, where r, u1 and o1 are the region,
under-semi-arc and over-semi-arc of χ as depicted in Figure 4, see also Figure 5..
We define a chain by
W SB(D,C) =
∑
χ∈{crossings of D}
wSB(D,C;χ) ∈ CSB2 (B,X).
Let A be an abelian group. For a 2-cocycle θ ∈ C2SB(B,X ;A), we define
HSB(D) = {[W SB(D,C)] ∈ HSB2 (B,X) | C ∈ Col
SB
(B,X)(D)}, and
ΦSBθ (D) = {θ(W
SB(D,C)) ∈ A | C ∈ ColSB(B,X)(D)}
as multisets. Then we have the following theorem:
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Theorem 3.4. (cf. [8]) HSB(D) and ΦSBθ (D) are invariants of L.
3.3. Shadow biquandle colorings of surface-link diagrams, cocycle invari-
ants. Let (B,X, ∗, ∗, ∗) be a shadow biquandle. Let D be a diagram of a surface-
link F .
Definition 3.5. A (biquandle) B-coloring ofD is a map C : SS(D)→ B satisfying
the following condition:
• For a double point curve composed of under-semi-sheets u1, u2 and over-
semi-sheets o1, o2 as depicted in Figure 6,
– C(u2) = C(u1) ∗ C(o1), and
– C(o2) = C(o1) ∗ C(u1)
hold, see also Figure 7.
Definition 3.6. A (shadow biquandle) (B,X)-coloring of D is a map C : SS(D)∪
R(D)→ B ∪X satisfying the following condition:
• The restriction C|SS(D) is a B-coloring of D.
• C(R(D)) ⊂ X .
• For a semi-sheet s whose normal vector points from a region r1 to a region
r2 as depicted in Figure 6, C(r1) ∗ C(s) = C(r2) holds, see also Figure 7.
We denote by ColSB(B,X)(D) the set of (B,X)-colorings of D.
uu 
o
o
s
r r
Figure 6.
a
b
a   b－*
a
x x  a*
b   a－*
Figure 7.
Proposition 3.7. (cf. [8]) Let D and D′ be connected diagrams of surface-links.
If D and D′ represent the same surface-link, then there exists a bijection between
ColSB(B,X)(D) and Col
SB
(B,X)(D
′).
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Next, we show how to obtain a cocycle invariant by using the (B,X)-colorings
of a diagram.
Let C be a (B,X)-coloring of D. We define the local chain wSB(D,C; τ) ∈
CSB3 (B,X) at each triple point τ by
wSB(D,C; τ) = sign(τ)
(
x, a, b, c
)
when C(r1) = x, C(b1) = a, C(m1) = b and C(t1) = c, where r1, b1, m1 and
t1 are the region, bottom-semi-sheet, middle-semi-sheet and top-semi-sheet of τ as
depicted in Figure 8, see also Figure 9. We define a chain by
W SB(D,C) =
∑
τ∈{triple points of D}
wSB(D,C; τ) ∈ CSB3 (B,X).
t 
(a,c)
t
bm
t 
(a,c)
t
b
m
r
r
sign(τ)= + sign(τ)= –
Figure 8.
t 
(a,c)
t 
(a,c)
a
+(x,a,b,c)
b
c
ab
c
-(x,a,b,c)
x
x
Figure 9.
Let A be an abelian group. For a 3-cocycle θ ∈ C3SB(B,X ;A), we define
HSB(D) = {[W SB(D,C)] ∈ HSB3 (B,X) | C ∈ Col
SB
(B,X)(D)}, and
ΦSBθ (D) = {θ(W
SB(D,C)) ∈ A | C ∈ ColSB(B,X)(D)}
as multisets. Then we have the following theorem:
Theorem 3.8. (cf. [8]) HSB(D) and ΦSBθ (D) are invariants of F .
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3.4. Local biquandle homology groups. Let (X, [ ]) be a knot-theoretic horizontal-
ternary-quasigroup and (X, {⋆}, {⋆}) the local biquandle associated with (X, [ ]).
Let n ∈ Z. Let C lbn (X) be the free Z-module generated by the elements of⋃
x∈X
({x} ×X)n =
{(
(x, y1), (x, y2), . . . , (x, yn)
)
| x, y1, . . . , yn ∈ X
}
if n ≥ 1, and C lbn (X) = 0 otherwise. We define a homomorphism ∂
lb
n : C
lb
n (X) →
C lbn−1(X) by
∂lbn
((
(x, y1), . . . , (x, yn)
))
=
n∑
i=1
(−1)i
{(
(x, y1), . . . , (x, yi−1), (x, yi+1), . . . , (x, yn)
)
−
(
(x, y1) ⋆ (x, yi), . . . , (x, yi−1) ⋆ (x, yi), (x, yi+1) ⋆ (x, yi), . . . , (x, yn) ⋆ (x, yi)
)}
=
n∑
i=1
(−1)i
{(
(x, y1), . . . , (x, yi−1), (x, yi+1), . . . , (x, yn)
)
−
(
(yi, [x, y1, yi]), . . . , (yi, [x, yi−1, yi]), (yi, [x, yi, yi+1]), . . . , (yi, [x, yi, yn])
)}
if n ≥ 2, and ∂lbn = 0 otherwise. Then C
lb
∗ (X) = {C
lb
n (X), ∂
lb
n }n∈Z is a chain
complex. Let Dlbn (X) be a submodule of C
lb
n (X) that is generated by the elements
of{(
(x, y1), . . . , (x, yn)
)
∈
⋃
x∈X
({x} ×X)n
∣∣∣ yi = yi+1 for some i ∈ {1, . . . , n− 1}
}
.
Then Dlb∗ (X) = {D
lb
n (X), ∂
lb
n }n∈Z is a subchain complex of C
lb
∗ (X). Therefore the
chain complex
CLB∗ (X) = {C
LB
n (X) := C
lb
n (X)/D
lb
n (X), ∂
LB
n := ∂
lb
n }n∈Z
is induced. We call the homology group HLBn (X) of C
LB
∗ (X) the nth local biquandle
homology group of (X, {⋆}, {⋆}).
For an abelian group A, we define the chain and cochain complexes by
CLBn (X ;A) = C
LB
n (X)⊗A, ∂
LB
n ⊗ id and
CnLB(X ;A) = Hom(C
LB
n (X);A), δ
n
LB s.t. δ
n
LB(f) = f ◦ ∂
LB
n+1.
Let CLB∗ (X ;A) = {C
LB
n (X ;A), ∂
LB
n ⊗id}n∈Z and C
∗
LB(X ;A) = {C
n
LB(X ;A), δ
n
LB}n∈Z.
The nth homology group HLBn (X ;A) and nth cohomology group H
n
LB(X ;A) of (X, {⋆}, {⋆})
with coefficient group A are defined by
HLBn (X ;A) = Hn(C
LB
∗ (X ;A)) and H
n
LB(X ;A) = H
n(C∗LB(X ;A)).
The nth cocycle group with coefficient group A is denoted by ZnLB(X ;A). Note that
we omit the coefficient group A if A = Z as usual.
3.5. Local biquandle colorings of link diagrams, cocycle invariants. Let
(X, [ ]) be a knot-theoretic horizontal-ternary-quasigroup and (X, {⋆}, {⋆}) the local
biquandle associated with (X, [ ]). Let D be a connected diagram of a link L.
Definition 3.9. A (local biquandle) X2-coloring of D is a map C : SA(D) → X2
satisfying the following condition:
• For a crossing composed of under-semi-arcs u1, u2 and over-semi-arcs o1, o2
as depicted in Figure 4, let C(u1) = (x1, y), C(o1) = (x2, z). Then
– x1 = x2,
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– C(u2) = C(u1) ⋆ C(o1) = (x, y) ⋆ (x, z) = (z, [x, y, z]), and
– C(o2) = C(o1) ⋆ C(u1) = (x, z) ⋆ (x, y) = (y, [x, y, z])
hold, where x = x1 = x2, see also Figure 10.
We denote by ColLBX2(D) the set of X
2-colorings of D.
(x,y)
(x,y)(x,z) (x,z)   (x,y)=(y,[x,y,z])
(x,z) (x,y)   (x,z)=(z,[x,y,z])(x,z)   (x,y)=(y,[x,y,z])⋆－
(x,y)   (x,z)=(z,[x,y,z])－
－
－⋆
⋆
⋆
Figure 10.
Proposition 3.10. ([17]) Let D and D′ be connected diagrams of links. If D and
D′ represent the same link, then there exists a bijection between ColLBX2(D) and
ColLBX2(D
′).
Next, we show how to obtain a cocycle invariant by using the X2-colorings of a
connected diagram.
Let C be anX2-coloring of D. We define the local chain wLB(D,C;χ) ∈ CLB2 (X)
at each crossing χ by
wLB(D,C;χ) = sign(χ)
(
(x, y), (x, z)
)
when C(u1) = (x, y) and C(o1) = (x, z), where u1 and o1 are the under-semi-arc
and over-semi-arc of χ as depicted in Figure 4, see also Figure 10. We define a
chain by
WLB(D,C) =
∑
χ∈{crossings of D}
wLB(D,C;χ) ∈ CLB2 (X).
Let A be an abelian group. For a 2-cocycle θ ∈ C2LB(X ;A), we define
HLB(D) =
{
[WLB(D,C)] ∈ HLB2 (X)
∣∣ C ∈ ColLBX2(D)
}
, and
ΦLBθ (D) =
{
θ
(
WLB(D,C)
)
∈ A
∣∣ C ∈ ColLBX2(D)
}
as multisets. Then we have the following theorem:
Theorem 3.11. ([17]) HLB(D) and ΦLBθ (D) are invariants of L.
3.6. Local biquandle colorings of surface-link diagrams, cocycle invari-
ants. Let (X, [ ]) be a knot-theoretic horizontal-ternary-quasigroup and (X, {⋆}, {⋆})
the local biquandle associated with (X, [ ]). Let D be a connected diagram of a
surface-link F .
Definition 3.12. A (local biquandle) X2-coloring of D is a map C : SS(D)→ X2
satisfying the following condition:
• For a double point curve composed of under-semi-sheets u1, u2 and over-
semi-sheets o1, o2 as depicted in Figure 6, let C(u1) = (x1, y), C(o1) =
(x2, z). Then
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– x1 = x2,
– C(u2) = C(u1) ⋆ C(o1) = (x, y) ⋆ (x, z) = (z, [x, y, z]), and
– C(o2) = C(o1) ⋆ C(u1) = (x, z) ⋆ (x, y) = (y, [x, y, z])
hold, where x = x1 = x2, see also Figure 11.
We denote by ColLBX2(D) the set of X
2-colorings of D.
(x,y)
(x,z)
(x,y)   (x,z)=(z,[x,y,z])－⋆
(x,z)   (x,y)=(y,[x,y,z])⋆－
Figure 11.
Proposition 3.13. ([17]) Let D and D′ be connected diagrams of surface-links.
If D and D′ represent the same surface-link, then there exists a bijection between
ColLBX2(D) and Col
LB
X2(D
′).
Next, we show how to obtain a cocycle invariant by using the X2-colorings of a
connected diagram.
Let C be anX2-coloring of D. We define the local chain wLB(D,C; τ) ∈ CLB3 (X)
at each triple point τ by
wLB(D,C; τ) = sign(τ)
(
(x, y), (x, z), (x,w)
)
when C(b1) = (x, y), C(m1) = (x, z) and C(t1) = (x,w), where b1, m1 and t1 are
the bottom-semi-sheet, middle-semi-sheet and top-semi-sheet of τ as depicted in
Figure 8, see also Figure 12. We define a chain by
WLB(D,C) =
∑
τ∈{triple points of D}
wLB(D,C; τ) ∈ CLB3 (X).
t 
(a,c)
(a,b)(a,c)
(a,d)
-((a,b),(a,c),(a,d))
t 
(a,c)
(a,b)
(a,c)
(a,d)
+((a,b),(a,c),(a,d))
Figure 12.
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Let A be an abelian group. For a 3-cocycle θ ∈ C3LB(X ;A), we define
HLB(D) =
{
[WLB(D,C)] ∈ HLB3 (X)
∣∣ C ∈ ColLBX2(D)
}
, and
ΦLBθ (D) =
{
θ
(
WLB(D,C)
)
∈ A
∣∣ C ∈ ColLBX2(D)
}
as multisets. Then we have the following theorem:
Theorem 3.14. ([17]) HLB(D) and ΦLBθ (D) are invariants of F .
4. Main results
4.1. Corresponding tribrackets and local biquandles.
Theorem 4.1. Given a shadow biquandle (B,X, ∗, ∗, ∗) such that X is strongly
connected, we have a horizontal-tribracket [ ] : X3 → X defined by
[x, y, z] = y ∗
(
(xցz) ∗ (xցy)
)
= z ∗
(
(xցy) ∗ (xցz)
)
.
Proof. We first show the second equality. It holds since
y ∗
(
(xցz) ∗ (xցy)
) Lem.2.5
=
(
x ∗ (xցy)
)
∗
(
(xցz) ∗ (xցy)
)
Def.2.2
=
(
x ∗ (xցz)
)
∗
(
(xցy) ∗ (xցz)
)
Lem.2.5
= z ∗
(
(xցy) ∗ (xցz)
)
.
Next we show the first equality by checking the horizontal-tribracket axioms one
by one.
(H1)-(i) Suppose that x, y, w ∈ X are given. Let z = x ∗ a, where a = (yց
∗w) ∗−1 (xցy). We then have
[x, y, z] = y ∗
(
(xց(x∗a))∗ (xցy)
) Lem.2.5
= y ∗
(
a∗ (xցy)
)
= y ∗ (yցw)
Lem.2.5
= w.
The uniqueness of the above z holds as follows: Assume that [x, y, z] = w = [x, y, z′]
for some z, z′ ∈ X . We then have
y ∗
(
(xցz) ∗ (xցy)
)
= w = y ∗
(
(xցz′) ∗ (xցy)
)
.
Hence we have
xցz = (yցw) ∗−1 (xցy) = xցz′.
Then we have
z
Lem.2.5
= x ∗ (xցz) = x ∗ (xցz′)
Lem.2.5
= z′.
(H1)-(ii) Suppose that x, z, w ∈ X are given. Let y = x ∗ a, where a = (zց
w) ∗−1 (xցz). We then have
[x, y, z] = z ∗
(
(xց(x ∗ a)) ∗ (xցz)
) Lem.2.5
= z ∗
(
a ∗ (xցz)
)
= z ∗ (zցw)
Lem.2.5
= w.
The uniqueness of the above y holds as follows: Assume that [x, y, z] = w = [x, y′, z]
for some y, y′ ∈ X . We then have
z ∗
(
(xցy) ∗ (xցz)
)
= w = z ∗
(
(xցy′) ∗ (xցz)
)
.
Hence we have
xցy = (zցw) ∗−1 (xցz) = xցy′.
Therefore we have
y
Lem.2.5
= x ∗ (xցy) = x ∗ (xցy′)
Lem.2.5
= y′.
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(H1)-(iii) Suppose that y, z, w ∈ X are given. Let x = y ∗−1 a = z ∗−1 b, where
(a, b) ∈ B2 such that S(a, b) = (b ∗ a, a ∗ b) = ((yցw), (zցw)) for the bijection
S : B2 → B2 in Definition 2.1, and where it holds that
y ∗−1 a
Lem.2.5
=
(
w ∗−1 (yցw)
)
∗−1 a
=
(
w ∗−1 (b ∗ a)
)
∗−1 a
Lem.2.4
=
(
w ∗−1 (a ∗ b)
)
∗−1 b
=
(
w ∗−1 (zցw)
)
∗−1 b
Lem.2.5
= z ∗−1 b.
We then have
[x, y, z] = y ∗
(
((z ∗−1 b)ցz) ∗ ((y ∗−1 a)ցy)
) Lem.2.5
= y ∗ (b ∗ a) = y ∗ (yցw) = w.
The uniqueness of the above x holds as follows: Assume that [x, y, z] = w = [x′, y, z]
for some x, x′ ∈ X . We then have
y ∗
(
(xցz) ∗ (xցy)
)
= w = y ∗
(
(x′ցz) ∗ (x′ցy)
)
and
z ∗
(
(xցy) ∗ (xցz)
)
= w = z ∗
(
(x′ցy) ∗ (x′ցz)
)
.
Hence we have
(xցz) ∗ (xցy) = yցw = (x′ցz) ∗ (x′ցy)
and
(xցy) ∗ (xցz) = zցw = (x′ցy) ∗ (x′ցz).
Since there exists a unique element (c, d) ∈ B2 such that S(c, d) = (d ∗ c, c ∗ d) =
(yցw, zցw) by Definition 2.1, we have
xցy = c = x′ցy (and xցz = d = x′ցz).
Therefore we have
x
Lem.2.5
= y ∗−1 (xցy) = y ∗−1 (x′ցy)
Lem.2.5
= x′.
(H2) For x, y, z, w ∈ X , we have
[y, [x, y, z], [x, y, w]]
= [x, y, z] ∗
((
yց[x, y, w]
)
∗
(
yց[x, y, z]
))
= [x, y, z] ∗
((
yց
(
y ∗ ((xցw) ∗ (xցy))
))
∗
(
yց
(
y ∗ ((xցz) ∗ (xցy))
)))
Lem.2.5
= [x, y, z] ∗
((
(xցw) ∗ (xցy)
)
∗
(
(xցz) ∗ (xցy)
))
Def.2.1
= [x, y, z] ∗
((
(xցw) ∗ (xցz)
)
∗
(
(xցy) ∗ (xցz)
))
Lem.2.5
= [x, y, z] ∗
((
zց
(
z ∗ ((xցw) ∗ (xցz))
))
∗
(
zց
(
z ∗ ((xցy) ∗ (xցz))
)))
Lem.2.5
= [x, y, z] ∗
((
zց[x, z, w]
)
∗
(
zց[x, y, z]
))
= [z, [x, y, z], [x, z, w]],
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and
[w, [x, y, w], [x, z, w]]
= [x, z, w] ∗
((
wց[x, y, w]
)
∗
(
wց[x, z, w]
))
= [x, z, w] ∗
((
wց
(
w ∗ ((xցy) ∗ (xցw))
))
∗
(
wց
(
w ∗ ((xցz) ∗ (xցw))
)))
Lem.2.5
= [x, z, w] ∗
((
(xցy) ∗ (xցw)
)
∗
(
(xցz) ∗ (xցw)
))
Def.2.1
= [x, z, w] ∗
((
(xցy) ∗ (xցz)
)
∗
(
(xցw) ∗ (xցz)
))
Lem.2.5
= [x, z, w] ∗
((
zց
(
z ∗ ((xցy) ∗ (xցz))
))
∗
(
zց
(
z ∗ ((xցw) ∗ (xցz))
)))
Lem.2.5
= [x, z, w] ∗
((
zց[x, y, z]
)
∗
(
zց[x, z, w]
))
= [z, [x, y, z], [x, z, w]].
This completes the proof. 
Definition 4.2. For a shadow biquandle (B,X) such that X is strongly con-
nected, we call the horizontal-tribacket [ ] given in Theorem 4.1 the corresponding
horizontal-tribacket of (B,X). We call the local biquandle (X, {⋆}, {⋆}) associated
with the corresponding horizontal-tribacket [ ] of (B,X) the corresponding local
biquandle of (B,X).
4.2. Correspondence between (co)homology groups. Let (B,X, ∗, ∗, ∗) be a
shadow biquandle such that X is strongly connected. Let [ ] : X3 → X be the
corresponding horizontal-tribracket of (B,X), that is, it is defined by
[x, y, z] = y ∗
(
(xցz) ∗ (xցy)
)
= z ∗
(
(xցy) ∗ (xցz)
)
.
Let (X, {⋆}, {⋆}) be the corresponding local biquandle of (B,X), that is, it is the
local biquandle associated with the above (X, [ ]). Define a homomorphism µn :
CSBn (B,X)→ C
LB
n (X) by
µn
(
(x, a1, . . . , an)
)
=
(
(x, x ∗ a1), . . . , (x, x ∗ an)
)
if n ≥ 1, and µn = 0 otherwise.
Lemma 4.3. µn is a bijective chain map.
Proof. It is sufficient to consider the cases that n ≥ 1.
We first show that µn is well-defined. For (x, a1, . . . , an) ∈ X×B
n, suppose that
ai = ai+1 for some i ∈ {1, . . . , n− 1}. We then have
µn
(
(x, a1, . . . , an)
)
=
(
(x, x ∗ a1), . . . , (x, x ∗ ai), (x, x ∗ ai+1), . . . , (x, x ∗ an)
)
=
(
(x, x ∗ a1), . . . , (x, x ∗ ai), (x, x ∗ ai), . . . , (x, x ∗ an)
)
.
This implies µn is well-defined since µn
(
Dsbn (B,X)
)
⊂ Dlbn (X) when we regard µn
as a homomorphism from Csbn (B,X) to C
lb
n (X).
Next we show that µn is bijective. Define a homomorphism ηn : C
LB
n (X) →
CSBn (B,X) by
ηn
((
(x, y1), . . . , (x, yn)
))
= (x, xցy1, . . . , xցyn)
if n ≥ 1, and ηn = 0 otherwise. Then if yi = yi+1 for some i ∈ {1, . . . , n− 1},
ηn
((
(x, y1), . . . , (x, yi), (x, yi+1 = yi), . . . , (x, yn)
))
= (x, xցy1, . . . , xցyi, xցyi+1 = xցyi, . . . , xցyn).
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This implies that ηn is well-defined since ηn
(
Dlbn (X)
)
⊂ Dsbn (B,X) when we regard
ηn as a homomorphism from C
lb
n (X) to C
sb
n (B,X). For n ≥ 1, we have
ηn ◦ µn
(
(x, a1, . . . , an)
)
= ηn
((
(x, x ∗ a1), . . . , (x, x ∗ an)
))
=
(
x, xց(x ∗ a1), . . . , xց(x ∗ an)
)
Lem.2.5
=
(
x, a1, . . . , an
)
,
and
µn ◦ ηn
((
(x, y1), . . . , (x, yn)
))
= µn
(
(x, xցy1, . . . , xցyn)
)
=
((
x, x ∗ (xցy1)
)
, . . . ,
(
x, x ∗ (xցyn)
))
Lem.2.5
=
(
(x, y1), . . . , (x, yn)
)
.
Hence ηn is the inverse map of µn, and thus, µn is bijective.
Lastly, we show that µn is a chain map. We have
µn−1 ◦ ∂
SB
n
(
(x, a1, . . . , an)
)
= µn−1
( n∑
i=1
(−1)i
(
x, a1, . . . , ai−1, ai+1, . . . , an
)
+
n∑
i=1
(−1)i+1
(
x ∗ ai, a1 ∗ ai, . . . , ai−1 ∗ ai, ai+1 ∗ ai, . . . , an ∗ ai
))
=
n∑
i=1
(−1)i
(
(x, x ∗ a1), . . . , (x, x ∗ ai−1), (x, x ∗ ai+1), . . . , (x, x ∗ an)
)
(1)
+
n∑
i=1
(−1)i+1
((
x ∗ ai, (x ∗ ai) ∗ (a1 ∗ ai)
)
, . . . ,
(
x ∗ ai, (x ∗ ai) ∗ (ai−1 ∗ ai)
)
,
(
x ∗ ai, (x ∗ ai) ∗ (ai ∗ ai+1)
)
, . . . ,
(
x ∗ ai, (x ∗ ai) ∗ (ai ∗ an)
))
(2)
and
∂LBn ◦ µn
(
(x, a1, . . . , an)
)
= ∂LBn
((
(x, x ∗ a1), . . . , (x, x ∗ an)
))
=
n∑
i=1
(−1)i
(
(x, x ∗ a1), . . . , (x, x ∗ ai−1), (x, x ∗ ai+1), . . . , (x, x ∗ an)
)
(3)
+
n∑
i=1
(−1)i+1
(
(x, x ∗ a1) ⋆ (x, x ∗ ai), . . . , (x, x ∗ ai−1) ⋆ (x, x ∗ ai),
(x, x ∗ ai+1) ⋆ (x, x ∗ ai), . . . , (x, x ∗ an) ⋆ (x, x ∗ ai)
)
. (4)
We can easily see that the terms (1) coincide with the terms (3). The terms (2)
coincide with the terms (4) because for 1 ≤ j < i, it holds that
(x, x ∗ aj) ⋆ (x, x ∗ ai) =
(
x ∗ ai, [x, x ∗ aj , x ∗ ai]
)
=
(
x ∗ ai, (x ∗ ai) ∗
(
(xց(x ∗ aj)) ∗ (xց(x ∗ ai))
))
Lem.2.5
=
(
x ∗ ai, (x ∗ ai) ∗ (aj ∗ ai)
)
,
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and for i < j ≤ n, it holds that
(x, x ∗ aj) ⋆ (x, x ∗ ai) =
(
x ∗ ai, [x, x ∗ ai, x ∗ aj ]
)
=
(
x ∗ ai, (x ∗ ai) ∗
(
(xց(x ∗ aj)) ∗ (xց(x ∗ ai))
))
Lem.2.5
=
(
x ∗ ai, (x ∗ ai) ∗ (aj ∗ ai)
)
.
Therefore we have
µn−1 ◦ ∂
SB
n = ∂
LB
n ◦ µn,
and thus, µn is a chain map.
This completes the proof. 
The bijective chain map µn induces an isomorphism µ
∗
n : H
SB
n (B,X)→ H
LB
n (X)
defined by
µ∗n
([
(x, a1, . . . , an)
])
=
[
µn
(
(x, a1, . . . , an)
)]
if n ≥ 1, and µ∗n = 0 otherwise.
Moreover, for an abelian group A, the bijective chain map µn induces the bi-
jective chain map µn ⊗ id : C
SB
n (B,X ;A) → C
LB
n (X ;A), and hence, we have an
isomorphism (µn ⊗ id)
∗ : HSBn (B,X ;A) → H
LB
n (X ;A). The bijective cochain
map µn induces the bijective cochain map µ
n : CnLB(X ;A) → C
n
SB(B,X ;A) de-
fined by µn(f) = f ◦ µn, and hence, we have an isomorphism µ
n
∗ : H
n
LB(X ;A) →
HnSB(B,X ;A). Thus we have the following theorem:
Theorem 4.4. Let (B,X) be a shadow biquandle such that X is strongly connected,
and (X, {⋆}, {⋆}) be the corresponding local biquandle of (B,X). Let A be an abelian
group. Then for any n ∈ Z, we have
HSBn (B,X ;A)
∼= HLBn (X ;A) and H
n
SB(B,X ;A)
∼= HnLB(X ;A).
4.3. Correspondence between cocycle invariants of links. Let (B,X, ∗, ∗, ∗)
be a shadow biquandle such that X is strongly connected. Let [ ] : X3 → X be the
corresponding horizontal-tribracket of (B,X), that is, it is defined by
[x, y, z] = y ∗
(
(xցz) ∗ (xցy)
)
= z ∗
(
(xցy) ∗ (xցz)
)
.
Let (X, {⋆}, {⋆}) be the corresponding local biquandle of (B,X), that is, it is the
local biquandle associated with the above (X, [ ]).
Let D be a connected diagram of a link L.
Lemma 4.5. There exists a bijection T : ColSB(B,X)(D)→ Col
LB
X2(D).
Proof. We set a map T : ColSB(B,X)(D)→ Col
LB
X2(D) as follows: Let C ∈ Col
SB
(B,X)(D).
For a semi-arc s whose normal vector points from a region r1 to a region r2 as shown
in the right of Figure 4, we assign (x, y) to the semi-arc s, where x = C(r1) and
y = C(r2), see also Figure 13. Then the assignment determines an X
2-coloring
C′ = T (C) ∈ ColLBX2(D). Indeed, since
w = y ∗
(
b ∗ a
)
= y ∗
(
(xցz) ∗ (xցy)
)
= [x, y, z]
for a crossing of (D,C) as shown in the left of Figure 14, for the same crossing
of (D,C′) as shown in the right of Figure 14, the conditions of a local biquandle
coloring in Definition 3.12 hold as follows:
C′(u1) ⋆ C
′(o1) = (x, y) ⋆ (x, z) = (z, [x, y, z]) = (z, w) = C
′(u2), and
C′(o1) ⋆ C
′(u1) = (x, z) ⋆ (x, y) = (y, [x, y, z]) = (y, w) = C
′(o2).
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The inverse map T−1 : ColLBX2(D) → Col
SB
(B,X)(D) is defined as follows: Let
C′ ∈ ColLBX2(D). For a semi-arc s whose normal vector points from a region r1 to
a region r2 as shown in the right of Figure 4, we assign x to the region r1, y to
the region r2, and xցy to the semi-arc s, where C
′(s) = (x, y), see also Figure 13.
Then the assignment determines a (B,X)-coloring C ∈ ColSB(B,X)(D). Indeed, since
w = [x, y, z] for a crossing of (D,C′) as shown in the right of Figure 14, for the
same crossing of (D,C) as shown in the left of Figure 14, the conditions of a shadow
biquandle coloring in Definition 3.6 hold as follows:
C(u1) ∗ C(o1) = (xցy) ∗ (xցz)
Lem.2.5
= zց
(
z ∗
(
(xցy) ∗ (xցz)
))
= zց[x, y, z] = zցw = C(u2), and
C(o1) ∗ C(u1) = (xցz) ∗ (xցy)
Lem.2.5
= yց
(
y ∗
(
(xցz) ∗ (xցy)
))
= yց[x, y, z] = yցw = C(o2).
For a semi-arc of (D,C) as shown in the right of Figure 4,
C(r1) ∗ C(s) = x ∗ (xցy)
Lem.2.5
= y = C(r2),
and thus, the condition of a shadow biquandle coloring around each semi-arc also
holds.
Therefore T is bijective.
yx
(x,y)
T
a=xy
T -
(D,C) (D,C´)
Figure 13.

We continue to use the bijection T : ColSB(B,X)(D)→ Col
LB
X2(D).
Let µ2 : C
SB
2 (B,X) → C
LB
2 (X) be the bijective chain map defined in Subsec-
tion 4.2, that is, it is defined by
µ2
(
(x, a1, x2)
)
=
(
(x, x ∗ a1), (x, x ∗ a2)
)
.
We note that the inverse map µ−12 (= η2 in Subsection 4.2) of µ2 is defined by
µ−12
((
(x, y), (x, z)
))
= (x, xցy, xցz).
Let C ∈ ColSB(B,X)(D) and C
′ ∈ ColLBX2(D) such that T (C) = C
′. At a crossing χ of
D as depicted in Figure 4, we have
wLB(D,C′;χ) = sign(χ)
(
(x, y), (x, z)
)
= µ2
(
sign(χ)
(
x, xցy, xցz
))
= µ2
(
wSB(D,C;χ)
)
,
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T
T -
a=xy
x
y
z
w
b=xz
(x,y)
(x,z)
(y,w)
(z,w)
(D,C) (D,C´)
－
*b a
－*a b
u
u
o
o
T
T -
b=xz
x
y
z
w
a=xy
(x,z)
(x,y)
(z,w)
(y,w)
(D,C) (D,C´)
－
*b a
－*a b
u
u
o
o
Figure 14.
where C′(u1) = (x, y) and C
′(o1) = (x, z), see also Figure 14. This implies that
WLB(D,C′) = µ2
(
W SB(D,C)
)
. Thus we have
HLB(D) =
{[
WLB(D,C′)
] ∣∣∣ C′ ∈ ColLBX2(D)
}
=
{
µ∗2
([
W SB(D,C)
]) ∣∣∣ C ∈ ColSB(B,X)(D)
}
= µ∗2
(
HSB(D)
)
.
We note that since µ∗2 is an isomorphism, H
SB(D) = (µ∗2)
−1
(
HLB(D)
)
holds. This
implies that as link invariants, HSB(L) and HLB(L) are the same.
Let A be an abelian group. Let θ ∈ Z2SB(B,X ;A) and θ
′ ∈ Z2LB(X ;A) such that
θ = θ′ ◦ µ2. We then have
θ
(
wSB(D,C;χ)
)
= θ′ ◦ µ2
(
wSB(D,C;χ)
)
= θ′
(
wLB(D,C′;χ)
)
for each crossing χ, and thus, θ
(
W SB(D,C)
)
= θ′(WLB(D,C′)) holds. This implies
that ΦSBθ (L) = Φ
LB
θ′ (L).
As a consequence, we have the following theorem:
Theorem 4.6. Let L be a link. Let (B,X) be a shadow biquandle such that X is
strongly connected, and (X, {⋆}, {⋆}) be the corresponding local biquandle of (B,X).
Then we have
HLB(L) = µ∗2
(
HSB(L)
)
and (µ∗2)
−1
(
HLB(L)
)
= HSB(L).
Moreover for an abelian group A, let θ ∈ Z2SB(B,X ;A) and θ
′ ∈ Z2LB(X ;A) such
that θ = θ′ ◦ µ2. Then we have
ΦSBθ (L) = Φ
LB
θ′ (L).
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4.4. Correspondence between cocycle invariants of surface-links. Let (B,X, ∗, ∗, ∗)
be a shadow biquandle such that X is strongly connected. Let [ ] : X3 → X be the
corresponding horizontal-tribracket of (B,X), that is, it is defined by
[x, y, z] = y ∗
(
(xցz) ∗ (xցy)
)
= z ∗
(
(xցy) ∗ (xցz)
)
.
Let (X, {⋆}, {⋆}) be the corresponding local biquandle of (B,X), that is, it is the
local biquandle associated with the above (X, [ ]).
Let D be a connected diagram of a surface-link F .
Lemma 4.7. There exists a bijection T : ColSB(B,X)(D)→ Col
LB
X2(D).
Proof. Here, we show only how to construct a bijection T , and the details are left
to the reader, refer to the proof of Lemma 4.5.
We set a map T : ColSB(B,X)(D) → Col
LB
X2(D) as follows: Let C ∈ Col
SB
(B,X)(D).
For a semi-sheet s whose normal vector points from a region r1 to a region r2 as
shown in the right of Figure 6, we assign (x, y) to the semi-sheet s, where x = C(r1)
and y = C(r2), see also Figure 15. Then the assignment determines an X
2-coloring
C′ = T (C) ∈ ColLBX2(D).
The inverse map T−1 : ColLBX2(D) → Col
SB
(B,X)(D) is defined as follows: Let
C′ ∈ ColLBX2(D). For a semi-sheet s whose normal vector points from a region r1 to
a region r2 as shown in the right of Figure 6, we assign x to the region r1, y to the
region r2, and xցy to the semi-sheet s, where C
′(s) = (x, y), see also Figure 15.
Then the assignment determines a (B,X)-coloring C ∈ ColSB(B,X)(D).
Therefore T is bijective.
x y
T
T -
(x,y)
(D,C) (D,C´)
Figure 15.

We continue to use the bijection T : ColSB(B,X)(D)→ Col
LB
X2(D).
Let µ3 : C
SB
3 (B,X) → C
LB
3 (X) be the bijective chain map defined in Subsec-
tion 4.2, that is, it is defined by
µ3
(
(x, a1, x2, a3)
)
=
(
(x, x ∗ a1), (x, x ∗ a2), (x, x ∗ a3)
)
.
We note that the inverse map µ−13 (= η3 in Subsection 4.2) of µ3 is defined by
µ−13
((
(x, y), (x, z), (x,w)
))
= (x, xցy, xցz, xցw).
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Let C ∈ ColSB(B,X)(D) and C
′ ∈ ColLBX2(D) such that T (C) = C
′. At a triple point
τ of D as depicted in Figure 8, we have
wLB(D,C′; τ) = sign(τ)
(
(x, y), (x, z), (x,w)
)
= µ3
(
sign(τ)
(
x, xցy, xցz, xցw
))
= µ3
(
wSB(D,C; τ)
)
,
where C′(b1) = (x, y), C
′(m1) = (x, z) and C
′(t1) = (x,w), see also Figure 16.
This implies that WLB(D,C′) = µ3
(
W SB(D,C)
)
. Thus we have
HLB(D) =
{[
WLB(D,C′)
] ∣∣∣ C′ ∈ ColLBX2(D)
}
=
{
µ∗3
([
W SB(D,C)
]) ∣∣∣ C ∈ ColSB(B,X)(D)
}
= µ∗3
(
HSB(D)
)
.
We note that since µ∗3 is an isomorphism, H
SB(D) = (µ∗3)
−1
(
HLB(D)
)
holds. This
implies that as surface-link invariants, HSB(F ) and HLB(F ) are the same.
t 
(a,c) x
T
T - t 
(a,c)
(x,y)
(x,z)
(x,w)
xy
xz
xw
(D,C) (D,C´)
Figure 16.
Let A be an abelian group. Let θ ∈ Z3SB(B,X ;A) and θ
′ ∈ Z3LB(X ;A) such that
θ = θ′ ◦ µ3. We then have
θ
(
wSB(D,C; τ)
)
= θ′ ◦ µ3
(
wSB(D,C; τ)
)
= θ′
(
wLB(D,C′; τ)
)
for each triplepoint τ , and thus, θ
(
W SB(D,C)
)
= θ′(WLB(D,C′)) holds. This
implies that ΦSBθ (F ) = Φ
LB
θ′ (F ).
As a consequence, we have the following theorem:
Theorem 4.8. Let F be a surface-link. Let (B,X) be a shadow biquandle such
that X is strongly connected, and (X, {⋆}, {⋆}) be the corresponding local biquandle
of (B,X). Then we have
HLB(F ) = µ∗3
(
HSB(F )
)
and (µ∗3)
−1
(
HLB(F )
)
= HSB(F ).
Moreover for an abelian group A, let θ ∈ Z3SB(B,X ;A) and θ
′ ∈ Z3LB(X ;A) such
that θ = θ′ ◦ µ3. Then we have
ΦSBθ (F ) = Φ
LB
θ′ (F ).
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5. Remarks
5.1. Shadow biquandle theory and Niebrzydowski’s theory. In [14, 15, 16],
region colorings of link diagrams by using algebraic structures called knot-theoretic
ternary quasigroups were studied and used to define invariants of links and surface-
links. Furthermore, Niebrzydowski in [15, 16] introduced a (co)homology theory of
the algebraic structures, and defined a cocycle invariant for links and surface-links.
In this subsection, we denote by HNn (X ;A) and H
n
N (X ;A) the nth Niebrzydowski’s
homology group and cohomology group, respectively, for a given knot-theoretic
horizontal-ternary-quasigroup (X, [ ]) and an abelian group A. Note that several
versions of Niebrzydowski’s (co)homology groups were defined in [15, 16], and in
this subsection, his (co)homology groups mean the (co)homology groups reviewed
in [17]. In addition, we denote by HN(L) and ΦNθ (L) the link invariants for a link
L using the homology group HN1 (X) and a 1-cocycle θ of his homology theory,
respectively. We denote by HN(F ) and ΦNθ (F ) the surface-link invariants for a
surface-link F using the homology group HN2 (X) and a 2-cocycle θ of his homology
theory, respectively, see [17] for details.
In [17], we introduced local biquandle theory to show that the Niebrzydowski’s
(co)homology theory can be interpreted as local biquandle (co)homology theory. On
other words, the Niebrzydowski’s (co)homology theory can be interpreted similarly
as biquandle (co)homology theory since local biquandle (co)homology theory is
an analogy of biquandle (co)homology theory. Moreover through an isomorphism
between two cohomology groups, we showed that Niebrzydowski’s cocycle invariants
and local biquandle cocycle invariants are the same.
Considering the main results shown in Section 4 in this paper together with the
results shown in [17], we have the following corollaries:
Corollary 5.1. Let (B,X) be a shadow biquandle such that X is strongly con-
nected, [ ] : X3 → X the corresponding horizontal-tribracket of (B,X), and (X, {⋆}, {⋆})
the corresponding local biquandle of (B,X). Let A be an abelian group. Then for
any n ∈ Z, we have
HSBn (B,X ;A)
∼= HLBn (X ;A)
∼= HNn−1(X ;A)
and
HnSB(B,X ;A)
∼= HnLB(X ;A)
∼= Hn−1N (X ;A).
Corollary 5.2. Let L be a link. Let (B,X) be a shadow biquandle such that X is
strongly connected, [ ] : X3 → X the corresponding horizontal-tribracket of (B,X),
and (X, {⋆}, {⋆}) the corresponding local biquandle of (B,X). Then
HSB(L), HLB(L) and HN(L)
are the same as link invariants. Moreover for an abelian group A, let θ ∈ Z2SB(B,X ;A),
θ′ ∈ Z2LB(X ;A) and θ¯ ∈ Z
1
N(X ;A) such that θ = θ
′ ◦ µ2 and θ
′ = θ¯ ◦ ϕ2, where
Z1N(X ;A) is the first cocycle group of the Niebrzydowski’s (co)homology theory and
ϕ2 is the bijective chain map defined in [17]. Then we have
ΦSBθ (L) = Φ
LB
θ′ (L) = Φ
N
θ¯
(L).
Corollary 5.3. Let F be a surface-link. Let (B,X) be a shadow biquandle such
that X is strongly connected, [ ] : X3 → X the corresponding horizontal-tribracket
of (B,X), and (X, {⋆}, {⋆}) the corresponding local biquandle of (B,X). Then
HSB(F ), HLB(F ) and HN(F )
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are the same as link invariants. Moreover for an abelian group A, let θ ∈ Z3SB(B,X ;A),
θ′ ∈ Z3LB(X ;A) and θ¯ ∈ Z
2
N(X ;A) such that θ = θ
′ ◦ µ3 and θ
′ = θ¯ ◦ ϕ3, where
Z2N(X ;A) is the second cocycle group of the Niebrzydowski’s (co)homology theory
and ϕ3 is the bijective chain map defined in [17]. Then we have
ΦSBθ (F ) = Φ
LB
θ′ (F ) = Φ
N
θ¯
(F ).
5.2. Examples and Mochizuki’s cocycles.
Example 5.4. For a positive integer n and an ideal J of Zn[t
±1], let (Q,X, ∗, ∗) is
the shadow quandle, with Q = X = Zn[t
±1]/J and a∗b = a∗b = ta+(1−t)b (∀a, b ∈
Zn[t
±1]/J), defined in Example 2.8. Suppose that 1−t is a unit in Zn[t
±1]/J . Since
X is strongly connected and we have
xցy = (1 − t)−1(−tx+ y) (x, y ∈ X),
it holds that
[x, y, z] = y∗
(
(xցz)∗(xցy)
)
= y∗(xցz) = y∗
(
(1−t)−1(−tx+z)
)
= −tx+ty+z
by Theorem 4.1, where we note that a ∗ b = a (∀a, b ∈ Q). Thus Example 2.12 is
related to Example 2.8.
Example 5.5. Let n be an odd prime number. Let (Rn, X, ∗, ∗) be the shadow
quandle, with Rn = X = Zn and a ∗ b = a ∗ b = 2b − a (∀a, b ∈ Zn), defined in
Example 2.7. Since X is strongly conneced and we have
xցy =
x+ y
2
(x, y ∈ X),
it holds that
[x, y, z] = y ∗
(
(xցz) ∗ (xցy)
)
= y ∗ (xցz) = y ∗
(x+ z
2
)
= x− y + z
by Theorem 4.1, where we note that a ∗ b = a (∀a, b ∈ Rn). Thus Example 2.11 is
related to Example 2.7.
The shadow (bi)quandle 2-cocycle θn : C
SB
2 (Rn, X)→ Zn defined by
θn
(
(x, y, z)
)
= (x− y)
(2z − y)n + yn − 2zn
n
is called a Mochizuki’s cocycle. Let θSBn = θn. The corresponding local biquandle
2-cocycle θLBn , i.e. θ
LB
n ∈ Z
2
LB(X ;Zn) such that θ
SB
n = θ
LB
n ◦ µ2, is defined by
θLBn
((
(x, y), (x, z)
))
= θSBn
(
(x, xցy, xցz)
)
= θSBn
((
x,
x+ y
2
,
x+ z
2
))
=
(
x−
x+ y
2
)
(
2x+z2 −
x+y
2
)n
+
(
x+y
2
)n
− 2
(
x+z
2
)n
n
=
(x− y
2
)
(
x−y+2z
2
)n
+
(
x+y
2
)n
− 2
(
x+z
2
)n
n
= 2−2(x− y)
(x− y + 2z)n + (x+ y)n − 2(x+ z)n
n
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since 2−n = 2−1 in Zn by Fermat’s little theorem, where the numerator is calculated
in Z and it is divisible by n. We may define θLBn by
θLBn
((
(x, y), (x, z)
))
= (x− y)
(x− y + 2z)n + (x+ y)n − 2(x+ z)n
n
.
Furthermore, the corresponding Niebrzydowski’s 1-cocycle θNn , i.e. θ
N
n ∈ Z
1
N(X ;Zn)
such that θLBn = θ
N
n ◦ ϕ2, is defined by
θNn
(
(x, y, z)
)
= θLBn
((
(x, y), (x, 〈x, y, z〉)
))
= θLBn
((
(x, y), (x,−x + y + z)
))
= 2−2(x− y)
(
x− y + 2(−x+ y + z)
)n
+
(
x+ y
)n
− 2
(
x+ (−x+ y + z)
)n
n
= 2−2(x− y)
(−x+ y + 2z)n + (x+ y)n − 2(y + z)n
n
,
where ϕ2 is the bijective chain map defined in [17], 〈 〉 is the corresponding vertical-
tribracket defined in [17] and 〈x, y, z〉 = −x + y + z for this case, and where the
numerator is calculated in Z and it is divisible by n. We may define θNn by
θNn
((
x, y, z
))
= (x− y)
(−x+ y + 2z)n + (x + y)n − 2(y + z)n
n
.
The Mochizuki’s cocycle θn induces a shadow biquadle 3-cocycle θ
SB
n by
θSBn
(
(x, y, z, w)
)
= θn(y, z, w).
The corresponding local biquandle 3-cocycle θLBn , i.e. θ
LB
n ∈ Z
3
LB(X ;Zn) such that
θSBn = θ
LB
n ◦ µ3, is defined by
θLBn
((
(x, y), (x, z), (x,w)
))
= θSBn
(
(x, xցy, xցz, xցw)
)
= θSBn
((
x,
x+ y
2
,
x+ z
2
,
x+ w
2
))
= θn
((x+ y
2
,
x+ z
2
,
x+ w
2
))
= 2−2(y − z)
(x− z + 2w)n + (x+ z)n − 2(x+ w)n
n
,
where the numerator is calculated in Z and it is divisible by n. We may define θLBn
by
θLBn
((
(x, y), (x, z), (z, w)
))
= (y − z)
(x− z + 2w)n + (x+ z)n − 2(x+ w)n
n
.
Furthermore, the corresponding Niebrzydowski’s 2-cocycle θNn , i.e. θ
N
n ∈ Z
2
N(X ;Zn)
such that θLBn = θ
N
n ◦ ϕ3, is defined by
θNn
(
(x, y, z, w)
)
= θLBn
((
(x, y), (x, 〈x, y, z〉), (x, 〈x, y, 〈y, z, w〉〉)
))
= θLBn
((
(x, y), (x,−x + y + z), (x,−x+ z + w)
))
= 2−2(x− z)
(−y + z + 2w)n + (y + z)n − 2(z + w)n
n
,
26 K. OSHIRO
where ϕ3 is the bijective chain map defined in [17], 〈 〉 is the corresponding vertical-
tribracket defined in [17] and 〈x, y, z〉 = −x + y + z for this case, and where the
numerator is calculated in Z and it is divisible by n. We may define θNn by
θNn
((
x, y, z, w
))
= (x− z)
(−y + z + 2w)n + (y + z)n − 2(z + w)n
n
.
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